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The eﬀects of chirality and boundary conditions on the elastic properties and buckling behavior of single-walled carbon
nanotubes are investigated using atomistic simulations. The inﬂuences of the tube length and diameter are also included. It
is found that the elastic properties of carbon nanotubes at small deformations are insensitive to the tube chirality and
boundary conditions during compression. However, for large deformations occurred upon both compression and bending,
the tube buckling behavior is shown to be very sensitive to both tube chirality and boundary conditions. Therefore, while
the popular continuum thin shell model can be successfully applied to describe nanotube elastic properties at small defor-
mation such as the Young’s modulus, it cannot correctly account for the buckling behavior. These results may allow better
evaluation of nanotube mechanical properties via appropriate atomistic simulations.
 2007 Elsevier Ltd. All rights reserved.
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Carbon nanotubes (CNTs) have been subjected to intensive research due to their excellent mechanical, elec-
trical, and chemical properties (Dai et al., 1996; Friedman et al., 2005; Kim and Lieber, 1999; Pancharal et al.,
1999; Tans et al., 1999). With the advance of experimental techniques, besides the linear elastic behaviors at
small deformation, the buckling behaviors of the CNTs have been observed under large deformation (Dai
et al., 1996; Iijima et al., 1996; Pancharal et al., 1999). One of the most promising features of CNT buckling
is that it can be completely recovered after unloading, i.e., the buckling is elastic (Falvo et al., 1997; Pancharal
et al., 1999; Tombler et al., 2000). It was also found that the physical properties such as the conductance of the
CNTs can be signiﬁcantly inﬂuenced by the occurrence of buckling (Postma et al., 2001). These facts may
lead to potential applications of CNTs as the next-generation nano-electronic devices (nano-transistors)
(Postma et al., 2001), nano-ﬂuid components (nano-valves) (Grujicic et al., 2005), and reversible elements0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.01.005
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the CNTs. Therefore, in view of both the mechanical integrity and application, it is important to understand
the mechanical properties and buckling mechanisms of the CNTs.
Both theoretical and numerical studies on the mechanical properties of the CNTs have been widely
employed to understand the phenomena and complement the experiments. These studies can be divided into
three main categories: (1) Atomistic simulation based on molecular dynamics (MD) (Buehler et al., 2004; Cao
and Chen, 2006a,b,c,d; Chen and Cao, 2006; Iijima et al., 1996; Liew et al., 2004; Liu et al., 2004; Nardelli and
Bernholc, 1999; Ni et al., 2002; Ozaki et al., 2000; Shibutani and Ogata, 2004; Srivastava et al., 2003; Yakob-
son et al., 1996). In order to overcome the limit of length and time scales in MD simulations, mesoscopic
dynamic simulation models based on coarse-grained representations were also developed to study the behav-
iors of carbon nanotubes (Zhigilei et al., 2005; Buehler, 2006). (2) Continuum mechanics modeling where the
CNTs are eﬀectively modeled as continuous beams or thin shells with a ﬁxed eﬀective wall thickness, eﬀective
Young’s modulus and Poisson’s ratio (Arroyo and Belytschko, 2003; Chen and Cao, 2006; He et al., 2005;
Pantano et al., 2003; Ru, 2000, 2001; Yakobson et al., 1996); (3) Analytical modeling based on the molecular
structural mechanics (Chang et al., 2003; Li and Chou, 2004). The CNTs can be either single-walled or multi-
walled and in order to focus on the more fundamental behavior, in this study, we focus on the mechanical
properties of the single-walled carbon nanotubes (SWCNTs) with varying chirality.
With the development of the second-generation forceﬁelds and numerical algorithms which are more accu-
rate and less empirical, such as CFF913 (Mapple et al., 1994), PCFF (Sun et al., 1994, 1995, 2004), and COM-
PASS (Sun, 1998; Sun et al., 1998) based on ab initio models and extended to a wide range of polymers, metals,
and ceramics, the MD simulations are playing an important role in revealing the mechanical behavior of the
SWCNTs. The MD simulations also plays a key role in the mechanics of CNTs, since the establishment of any
eﬀective continuum models relies on appropriate atomistic simulations that could reveal the intrinsic mechan-
ical properties of the nanotubes. In other words, the MD simulations would provide a useful benchmark for
the subsequent development of continuum models.
The eﬀects of tube length and diameter on the mechanical properties have been widely investigated by MD
simulations, however, many of the ﬁndings are in contradiction with each other. For example, when the tube
length/diameter aspect ratio is between 2 and 10, Buehler et al. (2004) reported that under axial compression,
the critical buckling strain decreases with the decrease of tube length, whereas Liew et al. (2004) found the
opposite trend, and Yakobson et al. (1996) argued length-independence. Our recent atomistic simulation
(Cao and Chen, 2006c) showed that the axial compressive buckling behaviors are highly sensitive to the dis-
placement increment used in a numerical analysis, which may have contributed to the contradictory results in
the literature when diﬀerent displacement increments were used. We have also proposed a new targeted-
molecular mechanics method to remove the eﬀect of displacement increment so as to achieve a better under-
standing of the eﬀects of tube length and diameter on SWCNT buckling (Cao and Chen, 2006b).
Besides the factors of tube length and diameter, the inﬂuences of tube chirality and boundary conditions
also need to be better understood. Most previous atomistic simulations of the CNT buckling behavior focused
primarily on the armchair and zigzag tubes, and the tubes with general chiralities remain to be better explored.
For SWCNTs with similar radii yet diﬀerent armchair and zigzag chiralities, their Young’s moduli have been
reported to be insensitive to chirality (Lu, 1997; Robertson et al., 1992; Yakobson et al., 1996). However,
another study by Ozaki et al. showed that the stiﬀness of the SWCNTs under larger strain (prior to buckle)
depends on the tube chirality (Ozaki et al., 2000). This result indicates that perhaps the tube chirality becomes
important at large deformation, before and after buckling.
Moreover, during the atomistic simulation of the deformation of a SWCNT segment, displacement bound-
ary conditions are usually imposed on both end layers to force the tube ends remain the original circular shape
with a ﬁxed radius throughout the deformation. Such widely used boundary condition is diﬃcult to realize in
experiment, yet its inﬂuences on the CNT mechanical properties are yet not clear, especially for the shorter
tubes under small deformation, and for the buckling behaviors of both short and long tubes at large deforma-
tion that are sensitive to local perturbations and constraints. In addition, compare with axial buckles, bending
buckling is easier to realize and control yet less studied. In our recent research (Cao and Chen, 2006d), we
found that the shape of the bend buckled tube is perhaps strongly inﬂuenced by such displacement-controlled
boundary condition used in loading, which leads to stress concentrations near the tube ends where snap buck-
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end layers needs to be explored.
In this paper, a systematic atomistic simulation is carried out to study the eﬀects of the SWCNT chirality
and boundary conditions on the elastic properties (at small deformation) and buckling behaviors (at large
deformation). In addition, the inﬂuences of tube length and diameter on such eﬀects are also considered.
We emphasize two of the most fundamental CNT buckling categories: axial compression and bending defor-
mation. The ﬁndings of this paper may provide useful information for better evaluation of the SWCNT
mechanical properties via atomistic simulations, as well as for the application of the buckled SWCNTs as
NEMS components. The numerical results also provide useful insights for the development of eﬀective con-
tinuum mechanics-based models to explore the buckling behaviors of SWCNTs.
2. Computation methods
In all molecular mechanics (MM) simulations carried out in the present paper, the atomic interactions in
the CNT system are modeled by using the COMPASS forceﬁeld, (Condensed-phased Optimized Molecular
Potential for Atomistic Simulation Studies) (Sun et al., 1998), the ﬁrst and only ab initio forceﬁeld to enable
accurate and simultaneous prediction of structural, conformational, vibrational, and thermophysical proper-
ties for a broad range of molecules both in isolation and in the condensed phases. It is an ab initio force ﬁeld
because most parameters were derived based on ab initio data, and the parameters were optimized empirically
to yield good agreement with experimental data. The MM simulations carried out at 0K exclude the eﬀect of
extrinsic thermal ﬂuctuation eﬀect and enables the assessment of the intrinsic CNT elastic buckling behaviors,
and such approach is widely adopted in the literature, e.g., (Iijima et al., 1996; Yakobson et al., 1996; Liew
et al., 2004; Buehler et al., 2004; Liu et al., 2004; Srivastava et al., 2003; Cao and Chen, 2006c).
In order to compare the eﬀects of diﬀerent boundary conditions, for axial compression, cases (‘‘structures’’)
with and without the conventional displacement boundary constraint are termed as Structure I and Structure
II, respectively; for bending, structures with and without the conventional displacement boundary constraint
are termed as Structure III and Structure IV, respectively; elaborated below. The terminology ‘‘structure’’ is
used to denote diﬀerent structural constraints due to distinct boundary conditions.
2.1. Nanotubes under axial compression
In order to reveal the eﬀect of the chirality on the axial compression of the SWCNTs, several tubes with
diﬀerent chiralities but similar tube radii and lengths are selected. These chiralities include (9,0), (8,2), (7,3),
(6,4) and (5,5) (Fig. 1), which correspond to the helical angles of 0, 11, 17, 23 and 30, respectively. To
include the eﬀect of radius, another set of tubes with diﬀerent chiralities and larger (but similar) radii,
(10,10), (17,0), and (14,6), are also investigated. In addition, the lengths of these tubes are varied.
In the conventional MM simulations, a SWCNT segment is compressed axially by imposing rigid body
translations on all atoms in both end layers (Buehler et al., 2004; Cao and Chen, 2006c; Liew et al., 2004;
Ozaki et al., 2000; Yakobson et al., 1996). During this course, the end layers of the tube segment remain
the original circular shape (with a ﬁxed original, undeformed radius) and such an excessive and unrealistic
constraint prohibits buckling to occur near the ends, thus aﬀecting the buckling behavior. Therefore, it is
important to quantitatively investigate the eﬀect of such conventional constraint on the mechanical properties
of tubes at small and large deformations. For such purpose, one needs to compare two SWCNT structures
that are otherwise identical, but one with the conventional displacement boundary condition (i.e., the atoms
in the end layers are only allowed to move axially and keep the original circular shape), and the other one
without (i.e., the atoms in the end layers may move laterally).
We study the axial compression of tubes with a periodic structure in x, y and z directions, with the z-direc-
tion as the axial direction and the computational cell dimensions in the x and y (lateral) directions are taken to
be large enough so as to simulate an isolated SWCNT. The initial atomic structure and the computational cell
size in the z-direction are optimized by the MM method. When the axial compression is imposed by gradually
reducing the cell size, the length of the carbon–carbon bonds crossing the boundary of the computational cell
is reduced by the same amount in the z-direction, which will signiﬁcantly increase the system potential energy.
Fig. 1. The tubes with diﬀerent chiralities but similar radii are selected in axial compression. The red (darker) atoms are ﬁxed in the
Structure I. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
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axial compression of the whole nanotube. In addition, due to the eﬀect of the Poisson’s ratio, the radius of
nanotube could slightly increase in layers without radial constraint. With the gradual reduction of the com-
putational cell size, the overall compression is gradually increased until the system buckles. The displacement
increment used in all simulations is kept the same so as to not introduce an additional variable; the eﬀect of
displacement increment was discussed extensively in our earlier work (Cao and Chen, 2006c).
In order to study the eﬀects of the boundary conditions under axial compression, two diﬀerent types of
boundary constraints are compared: In Structure I, the atoms in one end layer are ﬁxed (the red atoms in
Fig. 1), which is used to simulate the SWCNTs with the constrained circular boundary condition. Structure
II includes the same nanotube structure but none of the atoms are constrained (the structures are not shown
for simplicity), where the atoms in the end layers are allowed to move laterally and thus it does not have the
conventional boundary constraint. In essence, Structure I is the conventional displacement-controlled loading
and the Structure II is analogous to a force-controlled loading.
In MM simulations, the elastic properties of the tube can be obtained from second derivative of potential
energy at small strain. At large deformation, the critical buckling point can be identiﬁed from the sudden
decrease of the slope the ﬁrst derivative of the potential energy-deformation curve (i.e., the second derivative),
and such criterion is valid for any deformation mode studied in this paper. For axial compression, the critical
buckling strain of both Structure I and Structure II can be computed by ecompresscr ¼ Dcr=L0, where L0 is the
undeformed tube (cell) length, and Dcr is the overall compression at the onset of buckling, which equals to
the reduction of the computational cell size. With the adoption of such periodic tube structure, the constrained
boundary condition can be easily imposed or fully released. By comparing the buckling behaviors of Structure
I with that of Structure II, the eﬀects of the constrained boundary on both the elastic stiﬀness and the critical
buckling strain of compression can be revealed.
The buckling behaviors of the SWCNTs under axial compression have also been modeled by using the con-
tinuum thin shell and beam models due to their simplicity (Yakobson et al., 1996; Buehler et al., 2004). Two
dimensionless ratios in the continuum model can be used to characterize the tube geometry: the aspect ratio
between the tube length, L0, and the tube radius, R, and the section ratio between the tube radius, R, and the
eﬀective nanotube wall thickness, t. If the tube has a small L0/R and/or large R/t, the buckling of the tube
behalves like a thin shell, and the critical compressive buckling strain of an axishell isecompresscr-shell ¼
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1 m2Þp
t
R
 0:588 t
R
; ð1Þ
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small R/t, its behavior approaches to beam with the critical buckling strainecompresscr-beam ¼ 12ð2pR=LÞ2: ð2Þ
The critical compressive buckling strain of a perfect elastic thin shell is strictly independent of the tube length,
and it is in general higher than that of a beam with the same section ratio.
One of the major uncertainties of the continuum model is the eﬀective tube thickness, t. By ﬁtting the con-
tinuum shell model from the MM simulation results of the SWCNTs under small tension and bending defor-
mation, the eﬀective wall thickness t  0.066–0.089 nm (Yakobson et al., 1996; Chen and Cao, 2006). In
addition, in the benchmark MM simulations, the buckling behavior critically depends on the initial imperfec-
tion and perturbations in the CNT, both are diﬃcult to be faithfully reproduced in the continuum analysis.
Therefore, in this study, the continuum model will be qualitatively compared with MM simulations, and
the main purpose of the paper is to provide a comprehensive atomistic study on the buckling behaviors of
SWCNTs, focusing on the eﬀects of boundary condition and chirality.
2.2. Nanotubes under bending deformation
The eﬀects of tube chirality and boundary conditions on bending buckling are investigated on the SWCNTs
with diﬀerent chirality: (9,0), (8,2), (7,3), (6,4) and (5,5). In conventional bending deformation (Iijima et al.,
1996; Liu et al., 2004; Yakobson et al., 1996), the rigid body translation is applied to the atoms in both
end layers of the SWCNT, such that both end sections remain the original circular shape and are kept perpen-
dicular to the deformed axis in each displacement increment; the length of the deformed tube axis remains
unchanged and its curvature is essentially uniform throughout deformation. If the deformation is small, the
curvature (j) is proportional to the bending moment (M) in the pure bending deformation through the beam
theory:M ¼ EIj; ð3Þ
where when the SWCNT is modeled as a beam, the bending stiﬀnessEI ¼ EpRtð4R2 þ t2Þ=4: ð4Þ
Such a displacement-controlled loading is widely used in the literature to simulate the pure bending deforma-
tion of the SWCNTs in the MM simulations (Cao and Chen, 2006d; Chen and Cao, 2006; Iijima et al., 1996;
Liu et al., 2004; Yakobson et al., 1996). For simplicity, in what follows, such displacement-controlled bound-
ary condition where the end layers undergo rigid body translation and remain the original circular shape with
a ﬁxed radius as that of undeformed conﬁguration, is also termed as the translational circular boundary con-
straint – the detail of the rigid body translation depends on compression or bending mode. Once again, the
circular constraint has a pronounced eﬀect on the shape of buckled tube (Cao and Chen, 2006d), and it intro-
duces the unrealistic stress concentration near tube ends (which should not exist in an uniform pure bending
deformation) (Cao and Chen, 2006d). The eﬀect of such boundary constraint on bending buckling behavior
needs to be quantitatively understood.
In order to simulate bending buckling in a more eﬃcient way, the critical buckling strain upon bending
deformation, ebendingcr , is calculated by using the targeted MM simulations on a SWCNT segment (Cao and
Chen, 2006b). In the targeted MM, after initial geometry optimization, all atoms in the tube are moved to
their targeted positions which are their ideal (assumed) deformed positions without buckling; next, with both
end layers ﬁxed, all other atoms are released and the whole system is optimized by the MM. Speciﬁed for bend-
ing, the targeted deformed tube shape is that the tube axis changes to an arc with a center angle (overall bend-
ing angle), h. By ignoring the change of cross-sectional geometry, in the ﬁrst step, each layer of carbon atoms
still keeps the original circular shape and remains perpendicular to the deformed axis. After all atoms are
moved to their targeted positions, the system is optimized with both end layers ﬁxed. By varying h, the rela-
tionship between the total potential energy and the bending angle can be established; from the second deriv-
ative of the potential energy the onset of buckling can be identiﬁed, at which the bending angle is denoted by
hcr. The critical bending buckling (normal) strain is ebendingcr ¼ hcr  R=L0, where R is the tube radius. Compared
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dent of the bending angle increment used in a numerical analysis. In our recent work (Cao and Chen, 2006b),
we showed that with the decrease of the numerical bending angle increment, the ebendingcr calculated from the
conventional MM method converges to the targeted MM approach with similar buckled shapes.
To study the eﬀect of the constrained circular boundary condition, two diﬀerent tube structures are com-
pared in this study: Structure III retains the conventional circular boundary constraint, where both end layers
have the translational circular boundary constraint during the displacement-controlled bending procedure. By
contrast, Structure IV removes such circular boundary constraint and is generated by the following procedure:
(i) a very long tube with twice the desired length is ﬁrst created and then bent by using the targeted MM, where
the resulting deformation is essentially uniform (where the tube sections become elliptical) far away from the
ends; (ii) one quarter of the long tube near each end is removed, and only the middle half of the deformed tube
is kept; (iii) the end layers of the remaining tube segment are now elliptical, and these end sections are ﬁxed
and the tube structure is optimized with MM. With increasing bending angle, the above procedure is repeated
until buckle, where hcr corresponds to the critical center angle of the remaining tube section. In essence, for a
long tube under bending, the deformation of the middle portion of the tube is essentially uniform, where the
cross-section shape is close to elliptical without the circular constraint. Such an elliptical shape mimics the
more ‘‘natural’’ characteristic a tube would encounter during an ideal force-controlled pure bending deforma-
tion, which is shown in Fig. 9 later in this paper. Therefore, by comparing the ebendingcr obtained from Structures
III with Structure IV, the eﬀect of the circular boundary constraint on ebendingcr can be revealed, and the radii and
lengths of the tube are also varied to investigate how they inﬂuence such eﬀect.
3. Numerical results
3.1. Nanotubes under axial compression
3.1.1. The elastic properties of tubes at small deformation
With increasing deformation, the potential energy of the deformed tube is U = U0 + DU, and the length of
the deformed tube is L = L0 + DL, where DU is the change of potential energy of the tube (i.e., the strain ener-
gy), and U0 and L0 are the potential energy and length of the undeformed tube, respectively. In order to fairly
compare the result of diﬀerent tube structures, the strain energy per atom, Uˆ = DU/N, is deﬁned with the unit
eV/atom, where N is the number of carbon atoms in the computation cell. When the tube chiralities and
boundary conditions (i.e., Structures I and II) are also varied, Fig. 2(a) and (b) show Uˆ  e relationships
for tube lengths L0  5.0 nm and L0  19.2 nm, respectively. Initially, at small deformation, the strain energy
of the tube increases almost quadratically with axial compressive strain. Once the critical buckling strain
ðecompresscr Þ is reached, the strain energy is sharply reduced. Although the values of ecompresscr are distinct for tubes
with diﬀerent chiralities and boundary constraints, under small axial compression (prior to buckle), the diﬀer-
ence between the Uˆ  e curves is very small for tubes with diﬀerent chiralities and boundary constraints. The
comparison between Fig. 2(a) and (b) also indicates that the strain energy per atom is insensitive to the length
of the tube.
In order to obtain the eﬀective elastic properties of the SWCNT, a continuum concept (model) must be
introduced. The SWCNT can be most conveniently modeled as a continuum thin shell with eﬀective wall
thickness t and Young’s modulus E (Yakobson et al., 1996). Upon small-strain axial compression (prior to
buckling), the strain energy per unit length of the shell isU ¼ pREte2; ð5Þ
which leads to the stretching stiﬀnessEt ¼ ðo2 U=oe2Þ=ð2pRÞ: ð6Þ
Due to the uncertainty of the eﬀective tube thickness t mentioned in Section 2.1, the stretching stiﬀness Et
is used here instead of decoupling them so as to not involve the debate of eﬀective tube thickness (or
cross-sectional area). In Fig. 3, (o U/oe)/(2pR) computed from MM simulation is plotted as a function
of e, where the tube chiralities, boundary constraints, and lengths are varied. It can be readily seen that
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(b) L0  19.0 nm.
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range (0–0.03). The ﬁtted Et of the unconstrained tubes is about 389 N/m (for both tube lengths investi-
gated), which is very close to the value obtained by Yakobson et al. (1996). For the unconstrained tubes
(Structure II), the variation of chirality leads to a change of stretching stiﬀness (Et) of less than 1%. For
the short tubes with the constrained circular ends, the variation of Et is less than 2% when the chiralities
of tubes are changed, and for the long constrained tubes, such variation is less than 0.6%. Overall speak-
ing, the elastic modulus of the SWCNT is conﬁrmed to be essentially insensitive to the boundary con-
straints, lengths, and chirality.
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Fig. 3. The eﬀects of chirality and boundary conditions on the elastic properties of tubes, (a) L0  5.0 nm; (b) L0  19.2 nm.
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The critical buckling strain under axial compression, ecompresscr , of tubes with Structures I and II is computed
using MM, and plotted in Fig. 4(a) and (b) for tubes with diﬀerent chiralities and lengths. The ﬁve tubes shown
in Fig. 4(a) have a smaller diameter whereas the three tubes shown in 4(b) have a larger diameter. The error
bar of ecompresscr is calculated as d/Dcr, where d is the numerical displacement increment used in MM (Cao and
Chen, 2006c). Although tubes with periodic boundary condition are used to simulate an inﬁnite long tube,
there is still a small eﬀect of the length of computational cell, especially for short tubes. This is because the
periodic boundary condition forces both end layers of the tubes to undergo periodic displacement. Thus, there
is a small diﬀerence in the computed critical bulking strains of tubes with diﬀerent periodical length, in addi-
tion to the small data scattering due to the displacement increment which has diﬀerent eﬀects on tubes with
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Fig. 4. The critical buckling strain of tubes with diﬀerent chiralities of Structures I and II, as a function of tube length: (a) tubes with small
diameter; (b) tubes with large diameter.
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more prominent, which is the focus of present study.
It can be seen that for both short and long tubes, the ecompresscr is reduced if the circular constraint is imposed
on the end layer with a ﬁxed radius: when the undeformed tube lengths are in the range from 5.0 nm to
39.0 nm, for the armchair (5,5) and the zigzag (9,0) tubes, the reduction of ecompresscr of Structure I is about
15–25% (with respect to that of Structure II), and such reduction is even larger for tubes with general chirality,
which can be as high as 20–50% for the (7,3) tubes. Similarly, for tubes with a larger diameter, the constrained
circular boundary causes about 10–20% reduction of ecompresscr for the armchair (10,10) and the zigzag (17,0)
tubes, and a large reduction of about 35–65% is found for the (14,6) tubes. Therefore, it is conﬁrmed that
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Fig. 5. The comparison between the critical buckling strains of tubes of Structure I and Structure II. These tubes have diﬀerent radii but
similar length, L0  5.0 nm.
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boundary condition but also to the tube chirality.
In order to further explore the diameter-dependence of the constrained boundary eﬀect, Fig. 5 shows the
ecompresscr of the armchair tubes and the zigzag tubes of both Structures I and II with varying diameters. The
undeformed tube length is ﬁxed at, L0  5.0 nm. The ecompresscr of Structure I (with the end layers are imposed
with the translational circular constraint) is higher than that of Structure II (without the constraint) with a
diﬀerence of about 10–20% for all tubes with diﬀerent diameters studied in this paper. The result indicates that
the reduction of ecompresscr due to the constrained circular boundary condition is relatively insensitive to tube
diameter. We also note that the tubes in Fig. 5 have relatively small L0/R and they exhibit shell-like buckling
behavior (see below). According to Eq. (1), for thin shells the critical buckling strain decreases with the
increase of tube radius, and such trend is consistent with the MM simulations in Fig. 5.
3.1.3. The buckled shapes under axial compression
The buckling behaviors of the SWCNTs may be divided into three categories (Cao and Chen, 2006a): (1)
the shell-like buckling behavior; (2) the transitional buckling behavior between a shell and a beam; (3) the
beam-like buckling behavior. The most distinct morphological diﬀerence between the shell-like and beam-like
buckling behaviors is the occurrence of snap buckles (also referred to as kinks), which are absent in the buck-
led beams. With the monotonic variation of the tube length and/or radius, the buckling behavior can change
from region (1) through (2) to region (3). In general, the tubes in region (1) have a shorter length and/or a
larger radius, whereas the tubes in region (3) have a longer length and/or a smaller radius.
For short tubes with length L0  5.0 nm, Fig. 6 shows the buckled shapes (at the onset of buckling) of the
(5,5), (9,0), and (7,3) tubes that exhibit the shell-like buckling behavior. In Fig. 7, the same set of tube chiral-
ities is used but with a longer length, L0  19.2 nm, whose buckling behaviors are close to that of beams. In
both ﬁgures, (a), (c) and (e) show the diﬀerent tubes with Structure II (unconstrained), and (b), (d) and (f)
show the buckled shapes with Structure I (with the boundary constraint). For short tubes (Fig. 6), the con-
strained Structures I leads to fewer kinks than Structures II; whereas for long tubes, both Structures I and
II have similar buckled shapes except some details near the end. Therefore, the buckled shape of short tubes
is more sensitive to the boundary constraint. In addition, the buckled shape of long tubes is not sensitive to the
SWCNT chirality.
Fig. 6. Upon axial compression, the buckled shapes of diﬀerent tubes with L0  5.0 nm, (a), (b) the (5,5) SWCNT; (c), (d) the (9,0)
SWCNT; (e), (f) the (7,3) SWCNT. Here, (a), (c), (e) are of Structure II, and (b), (d), (f) are of Structure I (with the constrained circular
ends that lead to lower critical buckling strains). The buckled shapes (e.g., the position and numbers of kinks/snap buckles) are distinct
when diﬀerent boundary conditions are used, and such eﬀect is coupled with the variation of SWCNT chirality.
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3.2.1. The critical bending buckling strain
Fig. 8 shows the critical bending buckling strain, ebendingcr , of diﬀerent tube structures. For all nanotubes
imposed with the translational circular boundary constraint (Structure III), with the increase of the tube
length, there is a slight decrease of ebendingcr , which could be as much as 4% when the tube length is increased
for about four times. In addition, for the tubes with diﬀerent chiralities but the similar diameters and lengths,
the (5,5), (9,0) and (6,4) tubes have a higher ebendingcr than that of the (8,2) and (7,3) tubes – the largest diﬀerence
between them is about 10%. For those tubes of Structure IV (close to the pure bending situation where the
ends are elliptical), the ebendingcr is higher than that of Structure III. The diﬀerence between the e
bending
cr of Struc-
tures III and IV is also dependent on the tube chirality. For the (5,5) tubes, ebendingcr of Structure III is about 14%
larger than that of Structure IV, but such diﬀerence is only about 5% for the (9,0) tubes; for tubes with general
Fig. 7. Upon axial compression, the buckled shapes of diﬀerent tubes with L0  19.2 nm, (a) and (b) the (5,5) SWCNT; (c) and (d) the
(9,0) SWCNT; (e) and (f) the (7,3) SWCNT. Here, (a), (c) and (e) are of Structure II, and (b), (d), and (f) are of Structure I.
5458 G. Cao, X. Chen / International Journal of Solids and Structures 44 (2007) 5447–5465chirality, the diﬀerence between ebendingcr of Structures III and IV is between 5% to 14%. Therefore, the critical
bending buckling strain is sensitive to both the tube chirality and boundary conditions, but less sensitive to
tube length (i.e., the reduction of critical buckling strain is observed in both short and long tubes).3.2.2. The bending buckling shape
In our recent MM work (Cao and Chen, 2006d), we have discussed the buckled shapes of armchair and
zigzag tubes with the constrained circular ends of ﬁxed radius. For short tubes, the buckled shape features
one kink in the middle of the tube; for the longer tubes, the buckled shape includes two kinks near to the tube
ends, which are symmetrical with respect to the center of the tube. We have speculated that these two kinks
near the tube ends are caused by the boundary constraint, which was veriﬁed by the continuum ﬁnite element
simulations based on the thin shell model (Cao and Chen, 2006d).
Fig. 9 compares the buckled shapes of the (5,5), (9,0) and (8,2) tubes with the constrained circular ends
(Structure III) and the ‘‘natural’’ elliptical ends (Structural IV); the cross section shapes of the tube ends
are also shown. In Structure III, the buckled shapes include two symmetrical kinks, but for the same tubes
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Fig. 8. The critical bending buckling strain of tubes with diﬀerent chiralities and boundary conditions. The unﬁlled symbols are of
Structure III, and the ﬁlled symbols are of Structure IV.
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proven that in conventional MM simulations of CNT bending deformation with the translational circular
boundary constraint, the two symmetrical kinks appeared near the tube ends are caused by such boundary
constraint, whereas when such constraint is released and the tube undergoes essentially pure bending defor-
mation, the kink (snap) would occur in the middle of the tube. Such ﬁnding is also in good agreement with
our previous FEM results (Cao and Chen, 2006d).
4. Discussion: eﬀects of boundary constraints and chirality
4.1. Nanotubes under axial compression
4.1.1. The elastic properties of nanotubes at small strain
From the MM calculations, the stretching stiﬀness of tubes is insensitive to the tube chirality, lengths and
boundary constraints. For nanotubes with diﬀerent chiralities, the initial bond length, bond angle and orien-
tation of carbon–carbon bonds are diﬀerent due to the potential energy optimization. Under small deforma-
tion, however, due to the adjustment of bond length and bond angle, the strain energy per atom is almost the
same for tubes with diﬀerent chirality. That is, the work done to deform the tubes (with almost same number
of atoms) is about the same, which is borne almost uniformly by each atom. Such result clearly shows that the
elastic properties of tubes are not dependent on the tube chirality, which is also in good agreement with other
groups’ prediction that mechanical properties of tubes under small strain, such as the Young’s modulus, are
insensitive to the tube chirality (Lu, 1997; Robertson et al., 1992).
When the tube ends are imposed with the translational circular boundary constraint, stress concentration
near the constrained ends is inevitable. Such eﬀect is likely to cause the bond length and bond angle near the
tube ends to be diﬀerent than the remaining part of the SWCNT. Nevertheless, upon small deformation, the
strain energy variation caused by such diﬀerence is not obvious; moreover, such eﬀect is further reduced with
the increase of tube length which is similar to the St.Venant’s Principle. Consequently, the elastic stiﬀness of
the tube is essentially insensitive to the boundary constraints. Therefore, under axial loading (tension or com-
pression), the elastic properties of diﬀerent tubes at small strain can be eﬀectively modeled as continuum thin
shells with a clamped boundary condition; these thin shells have almost the same eﬀective stretching stiﬀness
(Et), although their diameters and lengths are diﬀerent.
Fig. 9. Upon bending, the buckled shapes of diﬀerent tubes with L0  12.0 nm, (a) and (b) the (5,5) SWCNT; (c) and (d) the (9,0)
SWCNT; (e) and (f) the (7,3) SWCNT. Here, (a), (c) and (e) are of Structure IV, and (b), (d) and (f) are of Structure III. The corresponding
end shapes used in these boundary conditions is also shown.
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Contrary to elastic properties, upon large deformation, the buckling behavior of tubes under axial compres-
sion depends strongly on the chirality and boundary conditions, primarily because buckling is very sensitive to
local perturbations which is irrelevant of the tube length. With reference to Fig. 1, the armchair tube has a
helical angle of 30 which includes two types of carbon–carbon bonds: one is perpendicular to the tube axis
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includes two types of carbon–carbon bonds: one is parallel to the tube axis, and the other is at 60 angle rel-
ative to the tube axis. These two types of chiralities are more ‘‘axisymmetric’’. All other types of general
chirality studied in this paper have the helical angle between 0 and 30; they contain three diﬀerent car-
bon–carbon bond lengths and they are not axisymmetric. Fig. 10 shows the ecompresscr of tubes with same length
but diﬀerent helical angles, where the tube diameter is roughly 0.7 nm. It can be readily seen that the tubes
with helical angles of 0 (zigzag) and 30 (armchair) have the much higher ecompresscr than the tubes with other
helical angles, and the nanotube with the helical angle of around 15 has the lowest ecompresscr . Moreover, the
tubes of Structure I (with the circular boundary constraint) have lower ecompresscr than their Structure II coun-
terparts, due to the non-uniform stresses imposed by the boundaries that accelerate buckling.
More insights of the sensitivity to tube chirality and boundary constraints can be obtained from the atom-
istic structural analysis. According to our recent work (Cao and Chen, 2006c), the axial compressive buckling
is initiated from the initial geometrical imperfections (during the initial optimization procedure, such small
deviations of atomic coordinates from their ideal positions are inevitable), which, during the loading process,
are enlarged and accumulated. Finally, they become geometrical defects that will cause the geometric center of
the deformed tube to deviate away from the initial upright tube axis, and buckling occurs when such deviation
is larger than some critical threshold. We also note that according to the classic thin shell theory, while the
bifurcation behaviors are sensitive to the size and distribution of initial imperfections, the elastic behaviors
at small strain are essentially independent of small geometrical defects.
For tubes with diﬀerent chiralities, the undeformed initial atomic structures are diﬀerent. During the initial
optimization procedure (before any load is applied), diﬀerent initial geometrical imperfections are generated
which are subsequently enlarged during the loading procedure; therefore, the resulting critical buckling strains
are diﬀerent. Both the armchair and zigzag tubes are more symmetric with respect to the axial loading direc-
tion than the tubes with general chirality; consequently, the forces acting on the atoms of the armchair or zig-
zag tubes are more uniform, which may cause slower generation of prominent geometrical defects and lead to
a higher ecompresscr , as opposed to the situation of tubes with general chirality.
For tubes undergo force-controlled compression, there is not stress concentration near the end layers
and the deformation is more uniform throughout the entire tube prior to buckling. Moreover, during the
loading procedure, the atoms in tube ends can adjust their lateral positions such that the deviation of the tube0 10 20 300.04
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Fig. 10. The relationship between the tube helical angle and critical buckling strain under axial compression of both Structures I and II.
The tube radius R  0.35 nm.
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Structure II than its Structure I counterpart. Furthermore, due to the asymmetric structure relative to the
loading direction, the lateral adjustment of the atoms in tube ends is more important for the SWCNTs with
general chirality. Therefore, the diﬀerence between the ecompresscr of Structures I and II for tubes with general
chirality is larger than that of armchair or zigzag tubes. Finally, the constrained boundary also strongly inﬂu-
ences the buckling shape of short tubes, while this eﬀect is reduced with the increase of tube length.
From the above analysis, it is now clear that although the elastic properties of tubes at small deformation
are insensitive to the boundary constraints and tube chirality, the buckling behaviors at large deformation are
highly dependent on them. Therefore, the continuum shell theory (which ignores the chirality) with clamped
boundary condition (which are widely used in continuum simulations of tube buckling) cannot be eﬀectively
used to describe the buckling behaviors of tubes. Nevertheless, due to its simplicity, the continuum thin shell
model can still be eﬀectively employed to model the elastic behaviors of tubes at small strain.
4.2. The bending buckling behavior of nanotubes
The critical bending buckling strain computed from MM analysis, ebendingcr , is also sensitive to both the tube
chirality and boundary conditions. For tubes with diﬀerent chiralities, the (5,5) and (9,0) tubes have a higher
ebendingcr than tubes with general chirality, among which the lowest e
bending
cr is found for the (7,3) tubes. If we only
look at the results of armchair and zigzag tubes (as in many previous MM/MD studies of the SWCNTs), it
may be concluded that the ebendingcr is not sensitive to the tube chirality. This is because both armchair and zig-
zag tubes are essentially ‘‘axisymmetric’’. However, when the helical angles of tubes are between 0 and 30,
the tubes are no longer axisymmetric, and the (7,3) SWCNT (helical angle is about 17), has the highest asym-
metry among all tubes chosen in the present study; consequently, the (7,3) tube is more prone to non-uniform
deformation and it thus has the lowest ebendingcr . The overall trend of the eﬀect of chirality is similar to the tube
buckling under axial compression, yet we note that the eﬀect of chirality is smaller in bending deformation
than that in the axial compression. This is because the defect generation is less prominent in the targeted
MM simulation (for bending deformation) than in the general MM method (for axial compression) (Cao
and Chen, 2006b): in the targeted MM approach, the structure is only optimized once; whereas in the general
MM method, the structure is optimized after every displacement increment, which helps to accumulate the
geometrical defect and makes the tubes easier to buckle.
Besides chirality, the boundary condition also aﬀects ebendingcr . Structure III would impose extra stress con-
centration near the ends in order to keep their radii ﬁxed, which makes the tube much easier to buckle and
the snap buckle likes to appear near the tube ends – this is veriﬁed from ﬁnite element simulations based
on the thin shell model (Cao and Chen, 2006d). On the other hand, when the tube ends are of ‘‘natural’’ ellip-
tical shape as that in pure bending, the stress concentration is alleviated and the critical buckling strain is high-
er. This can also be proven by the buckled shape of the Structure IV, where after the stress concentration at the
tube ends is alleviated, the kink appears in the middle of the tube. In addition, the inﬂuence of the boundary
constraint for tubes with diﬀerent chiralities is diﬀerent due to the diﬀerent geometric structures. Fig. 8 shows
that the higher helical angle, the larger the boundary eﬀect: the (5,5) tube is most aﬀected by the circular
boundary (i.e., the largest diﬀerence between the Structures III and IV), whereas the (9,0) SWCNT is least
aﬀected, and other tubes are in the middle.
Upon bending deformation, the ebendingcr of the tube is sensitive to the rotational degree of freedom of the
atoms in the tube ends, and such eﬀect is more pronounced for short tubes. For example, for the (5,5)
SWCNT, the number of atoms in one end layer is 20, yet they have two diﬀerent z-coordinates (along the axial
direction): the ﬁrst 10 atoms have the same z-coordinate, and the next ten atoms share the same z-coordinate
which is diﬀerent than that of the ﬁrst 10 atoms. In Structure III, if we only constrain the coordinates of the
ﬁrst 10 atoms, the calculated ebendingcr is about 16% lower than that obtained in Section 3.2 (with all 20 atoms in
the end layer ﬁxed). This phenomenon is analogous to the bending deformation of a continuum shell under
two diﬀerent boundary conditions: clamped and simple supported, where the clamped boundary condition
gives a higher ebendingcr . For the (5,5) SWCNT used in this example, the tube with only ﬁrst 10 atoms ﬁxed in
both ends is analogous to a continuum shell with both ends simple-supported; whereas, when all 20 atoms
are constrained the tube end is similar to clamped.
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and simple support boundaries becomes less. Under the ‘‘simple support’’ boundary condition, for short tubes
ebendingcr increases quickly with the tube length (Cao and Chen, 2006d); whereas for the ‘‘clamped’’ tubes, the
shorter one has a higher ebendingcr and it gradually decreases with the increase of tube length. It should be empha-
sized that under axial compression, the ecompresscr does not depend on ‘‘clamped’’ or ‘‘simple support’’ boundary
condition because all atoms move primarily along the axial direction. Similar phenomena are also observed in
zigzag tubes.
5. Conclusion
In this paper, the eﬀects of tube chirality and boundary conditions on the elastic properties (at small defor-
mation) and buckling behaviors (at large deformation) of single-walled carbon nanotubes are investigated by
using MM simulations. The inﬂuences of tube length and diameter are also included. The elastic properties are
analyzed under axial compression, and the buckling behaviors are studied under both axial compression and
bending.
The stretching stiﬀness of tubes is essentially insensitive to the tube chirality and boundary constraints.
Under small deformation (less than 3% compressive strain), for tubes with diﬀerent chiralities and boundary
conditions, their strain energy-compressive strain relationships are very close. When the tube is modeled as a
continuum thin shell, the eﬀective tube stretching stiﬀness can be obtained from the second derivative of the
strain energy curve at small strain, which is in good agreement with the literature. In this sense, the elastic
stiﬀness of carbon nanotubes (at small strain) can be eﬀectively described by the continuum shell model, which
is insensitive to the tube chirality, boundary condition, and length.
By contrary, upon large deformation the buckling behavior of nanotubes under axial compression is sen-
sitive to both the tube chirality and boundary conditions. For tubes with similar lengths and radii, their
ecompresscr strongly depends on the helical angle: The diﬀerence between the e
compress
cr of the armchair and zigzag
tubes is about 5%, whereas the diﬀerence between the ecompresscr of an armchair CNT and a CNT with helical
angle of 15 degrees can be as much as 50%. That is, the more ‘‘axisymmetric’’ armchair and zigzag tubes show
a much higher critical buckling strain ðecompresscr Þ than tubes with general chirality (i.e., asymmetric). In addition,
the translational circular boundary constraint which keeps both end layers circular with a ﬁxed radius is capa-
ble to reduce the ecompresscr for all tubes (with varying length and radius); for the tube with the constrained cir-
cular ends, its ecompresscr is about 20% lower than its unconstrained counterparts, and such reduction also
depends on the SWCNT chirality. That is, the eﬀect of chirality and boundary condition are coupled. For
the shorter tubes that exhibit shell-like buckling behaviors, their critical buckling strains are inversely propor-
tional to the tube radii, consistent with the shell buckling theory. The buckled shape of short tubes is sensitive
to both tube chirality and boundary constraints, while the buckled shape of long tubes is not.
The buckling behavior of nanotube upon bending deformation is also sensitive to both the tube chirality
and boundary conditions. The overall trend is similar to that under the axial compression, and the tubes
are easier to buckle with the translational circular boundary constraint; however during bending the eﬀect
of chirality is less than that in compression: the diﬀerence between the ebendingcr is still small for the armchair
and zigzag tubes, but the diﬀerence between that of the armchair and chiral tube is about 15%. The circular
boundary constraint also causes the reduction of ebendingcr because it induces prominent stress concentration near
the tube ends, which also leads to snap buckles near the tube ends. For the tube with the constrained circular
ends, its ecompresscr is about 20% lower than its unconstrained counterparts during bending and such reduction is
also coupled with the eﬀect of chirality. Once the circular constraint is alleviated, the snap buckle is found in
the middle of the tube.
The main purpose of this paper is to provide useful insights on the eﬀects of boundary condition and chi-
rality in tube buckling, address contradictory issues in literature, as well as to obtain the intrinsic critical buck-
ling strains of CNTs from the MM simulations. Since any eﬀective continuum model must be calibrated by
appropriate atomistic simulations, the ﬁndings in this paper could be important for the subsequent continuum
mechanics modeling eﬀort on SWCNT buckling. Both the analyses of tubes under axial compression and
bending show that their buckling behaviors depend on the tube chirality and boundary conditions, and these
two eﬀects are coupled in some cases. Therefore, the conventional and convenient continuum thin shell, which
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account for the load-controlled SWCNT buckling behaviors. In order to more accurately simulate the
mechanical properties of tubes under large deformation, better continuum models must be improved to incor-
porate the eﬀect of tube chirality. For example, the truss/beam/space frame models (Chen and Cao, 2006;
Chang et al., 2003; Li and Chou, 2004) based on molecular structural mechanics and established under small
deformation may be promising in such category, but more eﬀorts are needed to make such models to better
reproduce the bond energy terms and apply them to large deformation studies.
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